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Abstract. We study the class of word-building games, where two plagais letters from a finite
alphabet to construct a finite or infinite word. The outcomddtermined by whether the resulting
word lies in a prescribed set (a win for play) or not (a win for player3). We focus on symbolic
dynamical games, where the target set is a subshift. Wetigaés the relation between the target
subshift and the set of turn orders for whidrhas a winning strategy.
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1. Introduction

Subshifts are the central objects of symbolic dynamics, and also have artamtpwle in coding and
information theory. A subshift is a set of infinite sequences over a finiteabkt defined by forbidden
patterns. A sequence lies in the subshift if and only if no forbidden patiecars in it. Subshifts can
be viewed as streams of information flowing from a transmitter towards avezcaind the forbidden
patterns represent restrictions of the medium used. The asymptotic rdtehtimformation can be sent
is captured by the notion of entropy.

*Research supported by the Academy of Finland Grant 131558
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Consider the following scenario: A person (we will call her Alice, 4y is trying to send some
information through the medium. She does this by choosing, one by one, driettethe alphabet, and
constructing an infinite sequence from them. She can pick any lettersrafiesaas long as the resulting
sequence contains no forbidden pattern. But at some prescribed manedsersary (whom we will
call Bob, or B) manages to insert a letter to the end of the finite sequénkas constructed thus far.
This may cause a forbidden word to appear, destroying the informatiomehdout not necessarily: #
knows beforehand the moment at whiBhwill interfere, she can choose her sequence so that no matter
which letter B inserts, no forbidden pattern results. The situation can be thought ofame, gvhered
wins if no forbidden pattern ever occurs.

Games of this form have previously been studied in [9], from the poiniesf wf combinatorics on
words. The article in question concentrates on subshifts in which no langgerapproximate squares, or
patterns approximately of the formw, occur. The results of the paper state that for certain definitions
of ‘approximate’ and ‘long enough’4d has a winning strategy even if every choice fbiis followed
by somet choices forB. A similar notion has also appeared in [6], where the authors study the set
of coordinates of a given configuration of a subshift that can beechoslependently of the rest, and
the notion ofindependence entromyising from these considerations. Their methods are related to our
combinatorial arguments in Section 5.

In this article, we take a different view on the situation. Instead of askingtlven a given subshift
admits a winning strategy fot when a prescribed order for the turnsdandB is used, we fix a subshift
X and study the set of turn orders for whidhhas a winning strategy on it. We call this set the winning
shift of X, since it actually turns out to be a subshift over the alphfdet3}. We study the realization
of binary subshifts as winning shifts, and the connections betweenntiespef X and its winning shift.

In particular, connections between the entropieX aind its winning shift are obtained. While our main
interest lies in SFTs and sofic subshifts, we also briefly study the winniifig st minimal subshifts,
and obtain, for example, a characterization of Sturmian words in terms ofitiming shifts of their orbit
closures. We also define winning shifts for two-directional subshiftd,mmave some individual results
that hold in this formalism but not in the one-directional case, or vice vedsa results are mainly of
mathematical interest.

2. Definitions

2.1. Standard Definitions

Let S be a finite set, called th@lphabet We denote by5* the set of finite words ove$, and by the
empty word of lengtl). Forn € NU {oo}, denoteS<" = {w € S* | |w| < n}. The setS" of infinite
state sequences, oonfigurationsis called theone-directional full shift onS. If z € SN andi € N,
then we denote by; theith coordinate ofr, and we adopt the shorthand notation;; = z;zi41 - . . ;.
If w € S*, we denotew C z, and say thatw appears inz, if w = x[; ;;|,—1) fOr somei. For words
u,v € S*, we use the notationv™>™ = uwvvv---. We make analogous definitions for two-directional
configurations, that is, elements of the §&t and writeS* for eitherS™ or S%, when both are applicable.
For a letterc € S andu € S*, we denote byu|. the number of occurrences ofin u. We say that a
languagd. C S* isleft (right) extendablgif for all w € L there existg € S such thatw € L (wc € L).
We sayL is factor-closedf wheneverw € L andv C w, we havev € L.

We define a metrid on S* by settingd(z, ) = 0 if = = y, and by settingl(z, y) = 2% wherei =
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min{|j| | z; # y;} if # # y. The topology defined by makesS* a compact metric space. We define
the shift mapo : S* — S* by o(z); = z;,1. Clearlyo is a continuous surjection (homeomorphism in
the two-directional case) froi* to itself.

A subshiftis a closed subsef ¢ S* with the propertyr(X) ¢ X. When it cannot be deduced from
the context, we will explicitly state whether a subshift is one- or two-directiont define;(X) =
{we ¥F|3r € X :wC x} as the set of words of lengthappearing inX, and define théanguageof
X asB(X) = ey Br(X). Since a subshiftis uniquely defined by its language, and every rigtitéét
in the two-directional case) extendable and factor-closed languageesiefisubshift [4], we may write
X = B7Y(L), if B(X) is the set of factors of the extendable language S*. Alternatively, a subshift
is defined by a sef’ ¢ S* of forbidden wordsas the set of configuration¥r = {x C S | Yw €
F :w Z z}. If Fisfinite, thenXFp is of finite type(SFT for short), ifF' is a regular language, then
Xr is sofig and if B(X) is (co-)recursively enumerable, thén is recursively enumerabléeffective,
respectively). A sofic shift which is not an SFT is callpabper sofic Once a finite set of forbidden
patterns is chosen, the length of the longest pattern is calledititow sizeof the corresponding SFT.
For a two-directional subshift’ C 5%, we denoteXy = {z[g ) | € X} C S™.

We say that a subshifX is transitive if for all v,w € B(X) there existsv € B(X) such that
wow € B(X), andmixingif the length ofv can be chosen arbitrarily, as long as it is sufficiently large
(depending o andw). It is known that for mixing SFTs and sofic shifts, the length@fan be chosen
independently of, andw, and the smallest such length is called thixing distance ofX. A subshift
X is minimal if it contains no proper nonempty subshift. Thatropyof a subshiftX is defined as
h(X) = limy, 00 2 logy | B, (X)].

An alternating finite automators a quintupleM = (Q, %, qo, F,J), where@ is the finite set of
states X the finiteinput alphabetq € @ theinitial state, ' C @ thefinal statesands : (Q x X)) — 227
thetransition function For a wordw € ¥* andq € @, we say thay(w) holdsif either

e w=\andg € F, or
e w# Aand{r € Q | r(wy y—1)) holds} € (g, wo),

where\ denotes the empty word. We sayis acceptedy M if go(w) holds. Intuitively, the automaton
processes the input word by removing its first letter, letting its every statiesreely process the suffix,
and then combining the results according to a Boolean funci®terministic finite automataan be
seen as alternating automata whé(e, c) is either empty or of the fordP C Q | » € P} for all

q € Q,c € ¥, or in other wordsg(w) holds if and only ifr (wy; |,,—1]) does. In this case, we may see
 as having the typ& — @ for someA C @ x X, and writed(q,c) = r for all (¢,¢) € A as above.
Note that this definition of DFAs is somewhat nonstandard, as the transitctido may not be total.
Alternating automata were first defined in [1], and there it was provedtibgiaccept exactly the regular
languages.

2.2. Word Games

We now define games in which two players take turns to pick letters from aal@pland build a finite
or infinite word. Aword games a triple(.S, n, X), whereS'is a finite setp € NU {N} andX C S™is
thetarget setIf X C S*, we may useX in place ofX N.S™, but this is always clear from the context. An
ordered word gameés a tuple(S, n, X, a), where(S,n, X) is a word game and € {A, B}" is theturn
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order. If n = N and X is a subshift, we haveubshift gameandordered subshift gamesespectively.
An ordered word gaméS, n, X, a) should be understood as the playdrand B building a word inS™
by choosing one coordinate at a time, with the coordindging chosen by;. If the resulting word lies
in X, thenA wins, and otherwisé? does.

LetG = (S,n, X, a) be an ordered word game. strategy forG is a functions : S<"~! — S that
specifies the next pick of a player, given the word constructed thug feplay of a pair(s4, sp) of
strategies fol~ is the sequence = p(G,s4,sp) € S" defined inductively by; = sq, (z(9—1)). We
say that a strategyis winning for A if p(G, s, sp) € X for all strategies (A wins the game no matter
how B plays), andwvinning for B if p(G, sa,s) ¢ X for all strategies 4. If n € N, or if X is a closed
set in the product topology & (in particular if it is a subshift), then a winning strategy always exists
for one of the players (the gamedsterminedl[3]. As a side note, the game is determined eveX i
a general Borel set [7].

Example 2.1. Let S = {0,1}, n = 3and X = {000,110,111}. Then(S,n, X) is a word game, and
(S,n, X, BAB) is an ordered word game. In this ganiehas a winning strategys defined by

SB()\) = 0, SB(OO) = 83(01) = 1,

the other inputs being irrelevant. With this strategy irthe ordered game starts with picking the
letter0. Next, A can pick eithe® or 1, and B finishes withl. The possible outcomes av81 and011,
neither of which lies in the target sat.

Given a setX C S”, wheren € N U {N}, we define thevinning setof X as
W(X) = {a € {A,B}" | Ahas awinning strategy fdiS,n, X, a)}.

The alphabefS will always be clear from the context. For a languagec S*, we denotdV (X) =
Unen W(X N S™). If n = NandX is a subshift}¥’(X) is called thewinning shiftof X. We endow
the alphabef{ A, B} with the orderA < B, and it is clear thatV (X)) is always downward closed with
respect to the coordinatewise partial ordering defined as

v<w<e v =|w AV €0, |v] —1]: v < w;.

Example 2.2. We continue with the word game of Example 2.1. We already knowiAtaB ¢ W (X),
and thusBBB ¢ W (X). SinceX is nonempty, we trivially havelAA € W (X). By a simple case
analysis, we see thdt' (X) = {AAA, AAB, BAA}.

In a sense, the notion of winning shifts generalizes one of the problem farilidied in [9]: Given
a periodic sequence € {A, B} and a natural parametrized class of subsH(ifs);cz, for which
parameters € Z do we havex € W (X;)? To showcase our formalism, we state the two results of [9]
which are of this form. Here, the alphabet of the gamd®9id }.

Theorem 2.3. (Theorem 1.4 of [9])
For alle > 0 andt € N, we have

|w]

s> ew (a (fou | Jol> Mool < 2= 95 1))

for large enoughV, ; € N.
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Theorem 2.4. (Theorem 1.5 of [9])
For alle > 0 and¢ € N, we have

(ABH™® e W (X ({ uv ‘ |u| = |v] > Ney, H(u,v) < ((2t + 2)_1 —€)|ul })) ,

for large enoughV, ; € N, whereH (u, v) denotes the Hamming distanceioéindv, that is, the number
of coordinates in which they differ.

We note that in terms of symbolic dynamigsi B?)> is a rather trivial object, while the subshifts
on the right are quite complicated in that they are not sofic. Our take in thigeadjcsimply put, to
consider a simpler class of subshifts on the right side of the equationylotunderstand the left side
more completely.

3. Qualitative Results

We begin by considering winning sets of languages, and then establisheation between the winning
sets of a subshift and its language. For an arbitrary langfiages™*, there might not be any meaningful
relations between the finite sublanguadgs= L N S™ for n € N, so the same holds for the winning
setsW (L,,). Conversely, if the.,, have more structure, we are sometimes able to ‘transferiit’td.).

Lemma 3.1. Let L C S* be a factor-closed language. Théf(L) is factor-closed.

Proof:

Let A # a € W(L), denoten = |a| and lets : S<"~! — S be a winning strategy fod in the ordered
game(S,n, L,a). Then, sincel is factor-closed, the restriction afto S<"~2 is clearly a winning
strategy forA in the ordered gameS,n — 1, L, ap ,,—9). On the other hand, the strategy- s(s(A)v)
is winning for A in the ordered gameS,n — 1, L, ap; ,1)): Here, A plays on the word as if there
was an extra symbol in front of it, chosen according to the stratefjy, = A. Thus bothy|, ,,_5 and
ap n—1) are inW(L), which implies that¥’ (L) is factor-closed. 0

Lemma 3.2. Let L C S* be aright extendable language. TH&r{L) is right extendable.

Proof:
Let A # a € W(L), denoten = |a| and lets : S<"~! — S be a winning strategy fod in the ordered
game(S, n, L,a). Then, the strategy

if [v|]<n-—1
M{s@), it o] <n

ce S, ifjv]=nandvce L

is winning for A in the gameS,n + 1, L,aA). Note that the symbat in the above definition exists,
sinceL is right extendable. ThusA € W (L), andW (L) is right extendable. 0

Example 3.3. There is a certain asymmetry in the definition1df which manifests itself in the fact
that the winning set of a left extendable language may not be left extendalconcrete example is
L = 0" + 17, whose winning set is easily seen to(d@+ A) A*.
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As stated in the introduction, the winning sHift( X ) of a subshiftX is a subshift itself, and we now
prove this fact.

Proposition 3.4. Let X c SN be a subshift. The® (X) is a subshift, and we havB(W (X)) =
W(B(X)).

Proof:

Leta € {A, B}" be arbitrary. We claim that € W (X)) if and only if ay,,_y; € W(B(X)) for all
n € N. Suppose first thaiy, ,_;; ¢ W (B(X)) for somen € N, so thatB has a winning strategy
s in the game(S, n, B(X), ap ,—1]). But then any strategy’ for the game(S, N, X, a) that satisfies
s'|g<n—1 = s is winning for B, since a forbidden pattern is introduced after the firgurns. Thus
a ¢ W(X).

Suppose then that, ,,_;; € W (B(X)) for all n € N, and lets,, be a winning strategy fod in the
game(S,n, B(X), ajpn—1)). We use a standard compactness argument to construct a winning strategy
s for (S,N, X,a). First, there exists a symbef € S such thats,(\) = ¢y for infinitely many n;
let (s2),en be the subsequence of such strategies, and(8¢t= co. Then, there exists a function
fi: S — S such that for infinitely many,, we haves®(c) = fi(c) for all ¢ € S; let (s}),en be the
subsequence of such strategies, andsget= f;. Inductively we define a functiorf; : S* — S, a
subsequences?, ) e for which si (v) = f(v) holds for allv € S%, and set|g: = f;, foralli € N.

We then claim that is winning for A in the game= = (S, N, X, a). If not, there exists a strategy;
for B such that the play(G, s,sp) ¢ X. SinceX is a subshift, we actually havé G, s, sp)(o,n—1] ¢
B(X) for somen € N. By the definition ofs, there existsn > n such thats,, agrees withs
on S<"~1_ But then the restriction ofz to S<~! as a strategy of3 would beats,, in the game
(S, m, B(X),ajm-1]), @ contradiction with the definition &f,,. This proves the above claim.

Now it is clear from Lemma 3.1 and Lemma 3.2 thiat X ) is a subshift defined by the factor-closed,
right extendable languad& (B(X)). O

Inspired by this result and the fact that winning sets of left extendabbpbeges may not be left
extendable, we make the following definition for two-directional subshifts.

Definition 3.5. Let X C SZ be a two-directional subshift. We defifig(X) c {A, B}” as the two-
directional subshifftr, whereF' = {A, B}* — W (B(X)).

It is easy to see that the winning shift (X) of a two-directional subshifk c SZ is exactly the
set of configurations, € {A, B} such thata; .., € W(Xyn) C {4, B} for all i € Z. Note also
that while W (X) is downward closed, it is usually not an ideal, that is, a downward closkeshgt
which is also closed under coordinatewise maxima of two configurations. IMaime only binary two-
directional subshifts which are ideals g8 A~} and{A, B}”. However, the set of downward closed
binary subshifts is very rich in structure. We now present three exaroplegining shifts exhibiting
some interesting properties.

Example 3.6. In this example, all subshifts are two-directional unless otherwise noted.
Let X = B~1(0*1*), a binary SFT defined by the single forbidden pattédn Its winning shift
is W(X) = B }(A*BA*): In a one-directional gamgS, N, B~1(0*1*), a), it is clear thatB should
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always first playl and therD, and that this strategy is winning if and onlyAf occurs at least twice ia.
Here,W (X)) is nontransitive and proper sofic.

Let thenY = B~1(0*(10*20%)*), a mixing proper sofic shift. Its winning shift is al$& (V) =
B~1(A*BA*): If B has only a single turnd can win by always playing the lettér However, if B gets
to play twice, he wins by the following strategy: On his first tubhplays1, and on his second turn, he
plays whichever of and2 was played last.

Finally, let Z = B~1((01 + 0001)*), a transitive SFT. We claim that the winning shift &fis
7' = B~Y((AB(AA)™)*). For that, leta € Z’, and suppose without loss of generality that e in
a occur at even coordinates. Therwins the game defined hy; ) by playing0 in odd andl in even
coordinates. Conversely, let¢ Z’. Then eitherB appears i in coordinates of both parity, in which
case he wins by always playifigor a; = a;12 = B for somei € 7Z, so thatB wins by playing00 or 11,
depending on the situation. In this ca8g(7) is transitive and proper sofic. We finally note that in the
one-directional case, we would haBABA> € W (Z), even thoughBABA was a forbidden pattern
in the two-directional case. Compare this to Example 3.3.

Later, Corollary 3.10 and Proposition 3.18 will show that the winning shi#t thnsitive SFT must
be a transitive sofic shift, so in that sense our third example is ‘maximally cortedica

Definition 3.7. We denote byV the class of winning shifts of all subshifts (one- or two-directional,
depending on the context).

We now prove closure properties of some classes of subshifts undgperegioni’”, and make some
basic observations abou?. From now on, we will only rarely refer to strategies as concrete fungtion
and more often just informally state how a player behaves in certain situations.

Proposition 3.8. Let X C S* be a regular language. Thé¥i(X) is regular.

Proof:
SinceX is regular, there exists a deterministic finite automatbr- (Q, S, qo, F, §) accepting it, where
0 is defined on all of) x S. Forg € (), denote byLé” the language of the automaté®, S, ¢, F., §),

so thatX = Lé‘g. Define the alternating finite automatdf’ = (Q, { A, B}, qo, F’, ') by the transition
function

e §(qg,A)={PCQ|3ceS:di(qgc) e P}
e §(¢,B)={PCQ|VYece S:(q,c) € P}

We claim that the language acceptedWdyis W (X ), and prove this by showing theit (L) = L2’
holds for allq € Q. For this, leta € {A, B}*. If a = A, then clearlya € W (L)) iff a € L}’ by the
definition of M’. Suppose then that= Ab, whereb € { A, B}*. Using the induction hypothesis ®n
we get

aeW(LY)eIeeS:be WL, ) e IeeS:be Ly, eacL)

The same argument applies for the case Bb, with the existential quantifiers replaced by universal
ones. We have now proved tH&t(X) is recognized by an alternating automaton, and thus is regufar.
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Figure 1. A DFA accepting the language of the even shift.

A, B A, B A, B
A, B
A, B

Figure 2. An alternating automaton foF (5(X)) in Example 3.11. Thed-transitions are existential, and the
B-transitions are universal.

In practice, the languagé’ (X) may be difficult to describe succinctly. The automafah in the
above proof hal)| states, and there then exists a deterministic automaton acc&ptiig with at most
22'°! states. Furthermore, the reverse language/¢ ), or the setV (X)* = {ajy—1---a1a0 | a €

W(X)}, can be recognized by a deterministic automaton with if8t states [1]. These bounds are
optimal for general alternating automata, but we have not checked whbihés the case for our con-
struction. We also note that the reversal operationi&hdo not usually commute or respect each other,
as shown by the following example.

Example 3.9. Define the finite languag& = {0000, 0011}. An easy computation shows tHa&t(X) =
{AAAA AABA} andW (XT) = {AAAA BAAA}, and thus the sefd’ (X), W (X ), W(X)® and
W (X)E are all distinct.

Proposition 3.8 has the following immediate corollary.
Corollary 3.10. Let X C S* be a sofic shift. Thef/(X) is sofic.

Example 3.11. We show an example of computing the winning shift of a sofic shift using finite a
tomata. LetX = B~1(((00)*1)*) be the two-directionakven shift We compute its winning shift
W(X). In Figure 1, a DFA acceptin§(X) is depicted. In Figure 2, we have followed the construction
of Proposition 3.8 to obtain an alternating automatoni#o(3(X)), and in Figure 3, we have used the
standard subset construction of [1] to obtain a DFAW6(B(X))*. From this, we finally conclude that
W(X) = B~1(A*BB(A + AB)*), since this language is left extendable. Interestingly, this subshift is
almost equal to the well-knowgolden mean shifB~!((A + AB)*), which is weakly conjugate to the
even shift, see [4, Section 1.5] for more information.
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Figure 3. A DFA forW (B(X))* in Example 3.11.

In Example 3.6 we presented an SFT whose winning shift was proper $bftcraises the following
guestion.

Question 1. What is the class o’ (X ) for X SFT?

In particular, it is not known whether all downward closed sofic shifesr¢\i, B} can be realized
as winning shifts of SFTs.
The following result is also easy to see.

Proposition 3.12. If a subshiftX c SN is recursively enumerable or effective, then sligX ).

Proof:
We first note that the winning operat®r is clearly monotonous with respect to the inclusion order, that
is,if L C L' C S*, thenW (L) c W(L').

Let thenn € N anda € {A, B}" be arbitrary. IfX is recursively enumerable, we can enumerate
B, (X), and sincéd¥ is monotonous, we can also recognize whea W (5,(X)). Similarly, if X is
effective, we can enumerat&’ — 3,,(X) and recognize the casez W (B,,(X)). 0

We now give a rather trivial full characterization of the cl3®'s
Proposition 3.13. If a subshiftX c {4, B}* is downward closed, theiW (X) = X.

Proof:
In a downward closed subshift, each playeshould always play the symbél. O

Corollary 3.14. The class of downward closed subshifts oyet, B} is exactly)V. The clas9V is
closed under union and intersection.

By Corollary 3.14, the class of downward closed sofic (recursivelyrarable, effective) subshifts
over{A, B} is exactly the class of winning shifts of sofic (recursively enumerablectdfe) subshifts.
Thus the classes of winning shifts of sofic shifts and recursive subsié also closed under union and
intersection. However, the corollary is not very useful when consigeriasses of subshifts which are
not closed under the operatid¥, in particular the SFTs. Therefore, we mention the following standard
trick.
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Proposition 3.15. Let X € S* andY C R* be subshifts. Thefl’ (X x Y) = W(X)nW(Y).

Corollary 3.16. The class of winning shifts of SFTs is closed under intersection.

We now return to the question of how different propertieXoéffect the winning shifi?’ (X).
Proposition 3.17. If X ¢ S7 is a mixing (transitive) SFT, theW (X) is mixing (transitive).

Proof:

Let first X be mixing with mixing distance and window size Leta,b € B(W (X)) andk > 2r. In
her winning strategy for"bA>, A starts by playing a word € B,.(X). We claim that® Aa A*bA> ¢
W(X), and that the following is a winning strategy fdron A’a A*bA>. In the firsti + |a| positions,
A plays as ond’a A>, resulting in a wordy, € Bi14(X). Inthe nextk coordinates, she plays a word
v such thatwwvw € B(X), and then continues as ofibA>. The strategy is winning fod, since the
symbols played in the firgt+ |a| + & — r coordinates have no effect on the game played on theA&il.
This implies thatzA*b € B(W (X)), and thusd¥ (X) is mixing.

The case of transitivX is slightly more complicated, but essentially similar. Here we need the
following facts from [4, Section 4.5], whereis again the window size oK. There exist® € N,
called theperiod of X, and each wordv € B,(X) has aperiod classc(w) € [0,p — 1] such that if
v € Byy1(X), thenc(vp ) = c(v)g,—1]) +1 mod p. There existsn > r such that for alk, v € B,.(X)
with the same period class, there existg B,,(X) such thatwv € B(X).

If now a,b € B(W (X)), we claim that4 has a winning strategy on the configuratidfuA*bA>
for somek € [m, m+ p — 1]. Again until the final letter ofi, A should play as om’a A, resulting in a
wordu € B;|q(X). Letthenw € B,.(X) be the word played byl in her winning strategy foA"b A,
and denotel = c(w) — c(u(ju|—r—1,ju)-17) mod p. If i > r, thend does not depend on the strategy of
B. We now letk = m + d, and letA continue as om*a A in the nextd coordinates, resulting in a
word u' € By |q[44 SUch thai(w) = c(ul[\u’|fr71,|u’\71])' Next, A plays a wordv € B,,(X) such that
v'vw € B(X), given by the previous paragraph, and proceeds at A . O

In Example 3.6, we computed the winning shifts of some two-directional subshiid saw that
Proposition 3.17 does not hold for general sofic shifts, and that thangmshift of a transitive SFT can
be proper sofic. Note that the proposition does not hold as such fedioetional subshifts. We also
have the following simple result, which can be used in the computation of somégisinifts.

Proposition 3.18. SupposeX C S* is a mixing sofic shift with mixing distance:, and thatB —
W(X). ThenB~1((A*A™+kB)*) ¢ W(X) for somek € N. If X is an SFT with window size, we
can choosé = r — 1.

Proof:
We prove the claim in the one-directional case, since the arguments ws#tkasame in both. Since
B C W(X), there existy € B(X) such thate € B(X) for all ¢ € S, and by [4, Section 3.3], we can
choosev to beintrinsically synchronizingthat is,uv, vw € B(X) impliesuvw € B(X). Also, if X is
an SFT with window size, we can choose € B,_;(X).

Leta € B~1((A*A™tIYIB)*) c {A, B}" be arbitrary. We claim thatt has a winning strategy for
the gamg S, N, X, a). Without loss of generality we may assume thgt= B. Now, suppose that after
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some turn ofBB, the wordw constructed so far is iff(X). Now A gets to play in the next > m + |v|
coordinates. Since is a mixing distance foiX, she can play the wordv, whereu € B,,_,|(X) is
such thatwuv € B(X). By the assumption on, we havewuvc € B(X) for all ¢ € S, and thusB
cannot introduce a forbidden word in his turn. This proves the claim. O

Using the ideas of the above proposition, we recompute the winning shifeadwén shift of Ex-
ample 3.11. This approach for computifig(X) from a sofic shiftX is more ‘hands-on’ and uses
less general arguments, but may sometimes be less tedious, especially tethamistic automaton for
B(X) has many states.

Example 3.19. Let X be again the even shift, and suppose that B(X). Depending on where the
rightmost1 occurs inw (and if it exists), eithew = w0 or v = w1 satisfiesw0,v1 € B(X). As in the
proof of Proposition 3.18, we then haie ! ((A* B)*) ¢ W(X). Itis easy to see that if € (AT B)*
andn € N, thenA"BBa € W(B(X)): WhateverB plays in the first two coordinates} can still
recover. On the other han@ A" BB ¢ W (B(X)) for all n € N, sinceB can win by playingl in his
first turn, and01 or 10 on the last two turns, depending on the parity of the lagtayed. This shows
again thatV (X) = B~1(A*BB(A + AB)*).

The following example shows yet another difference between the oddwandirectional cases.

Example 3.20. Fix the alphabefS. It is easy to check that the set of subshiftsS3f is closed with
respect to the Hausdorff metric, and thus compact. For substiifis ¢ S*, the Hausdorff distance
dp(X,Y)is at mos2~" iff we have5,(X) = B,(Y). From Proposition 3.4 we then immediately see
that the winning operatdil is continuous with respect iy in the one-directional case. However, in
the two-directional casé} is not continuous. To see this, I&t, = {z € {0,1}Z | oP(x) = z} be the
subshift of allp-periodic binary configurations, andl = {0, 1}%. Then the sequendeX,),en clearly
converges toX in the Hausdorff metric. BulV (X) = {A, B} andW (X,) = {A>} forallp € N,

so (W (X,))pen certainly does not converge 10/ (X).

4. Small Winning Shifts

In this section, we briefly study subshifts with very small winning shifts andudis winning shifts
of minimal subshifts. Note that the only minimal downward closed subshifii5(A*), so that the
following characterizes subshifts with minimal winning shifts.

Proposition 4.1. Let X C {0, 1}* be a binary subshift. [K = Z, thenW (X) = {*A>} if and only if
X is periodic. IfX = N, thenW (X) = {A*~} ifand only if | B, (X)| =1

Proof:
Simply note that in the two-directional case, periodicityXfs equivalent to the condition that_ . o)
uniquely determines; for all z € X. This in turn is clearly equivalent td/(X) = {*°A>°}.

The second claim is obvious: BA> ¢ W (X), then eithed or 1 occurs in no point ofX . 0

Also the case of a winning shift with at most oBein each point is interesting.
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Proposition 4.2. Let X c {0, 1} be a binary subshift. TheW (X) = B~}(A*BA*) c {A, B}V if
and only if|B,(X)| =n+ 1 forall n € N.

Proof:

For the second claim, we note that the condition tBa{ X )| = n + 1 for all n € N is equivalent to the
following: for all n € N, there is exactly one € B, (X) with w0, wl € B,41(X). Now, if we have
BAFB € B(W(X)) for somek, then there exist, v € B, (X) such thalub, 1vb € Bj,»(X) for all
b € {0,1}, and the condition for th&5,,(X)| does not hold. Conversely, if there existw’ € By (X)
with wb, w'd € By1(X) andw # w’, then we can factorize the words@s= u0v andw’ = u'1v, S0
thatbub’ € B(X) for all b, b’ € {0,1}. This impliesBA"|B € W(B(X)) = B(W (X)). O

A simpler proof of the above result will be given in Section 5. Subshifts {0, 1}V such that
|B,(X)| = n+ 1forall n € N which are not eventually periodic are call8tuirmian subshiftsMore
often, Sturmian wordgwordsz € {0, 1} such thatB,(O(z))| = n + 1 for all n) are studied instead
of Sturmian subshifts. The subshi(z) is then automatically aperiodic, and thus a Sturmian subshift.
Sturmian words have multiple characterizations and a rich theory, for whicinterested reader can
consult [5]. We rephrase Proposition 4.2 in terms of infinite words.

Corollary 4.3. An infinite wordx € {0, 1} is Sturmian if and only if
W(O(z)) = B~Y(A*BA*) c {A, B}

We note that the characterization of the condifigit.X ) = B~ (A* BA*) fails in the two-directional
case, as shown by the following result.

Definition 4.4. Let 7 : S — S* be a function, and extend it t6* by 7(uv) = 7(u)7r(v). We call
T : 8% — S* asubstitution and if 7(s) has the same length for evesyc S, we sayr is uniform If
there exists: € N such thats’ occurs int"(s) for everys, s’ € S, we sayr is primitive. The subshift
X of 7 has the languagfw € S* | In € N,s € S : w T 7"(s)}, and we say is periodicif X is.

Proposition 4.5. The two-directional subshift of a primitive uniform aperiodic substitutoon {0, 1}
has the winning shif8—!(A* BA*).

Proof:

Sincer is aperiodic, we have(0) # 7(1), and we may assume without loss of generality #{a) = Ou
and7(1) = 1v for someu,v € S*~! (if 7(0) = uOv and7(1) = ulw, we replace them witbvu and
lwu, respectively, and obtain the same subshift). From the results of [fnaw thatr is unilaterally
recognizablethatis, there i¢ € N such that forr € X, the wordz|_;, _;; uniquely determines whether
Or Notz (g o) = T(Y[0,0)) fOr somey € X;.

Suppose now thaBA*"'B € B(W (X)) with i € N minimal, and consider the game defined by
AMBATIBA! wherent > k. Here, A plays a word € B,,,(X), after whichB can make a move,
implying thatt = 7(¢') for somet’ € B(X,) by the recognizability of. ThenA continues, constructing
eithertOr, or t1r;, thenB continues withd or 1. AgaintOrg = 7(¢'r(,) andtlr; = 7(t'r}) for some
ry, 1 € B(X;), and in particulaé > ¢. Finally, A finishes with either or v, resulting in one of

t0rgOu, t0rglv, t1lr10u, tlrilo.
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Desubstituting by-, we have now shown thatr(b, t'r|b € B(X,) for all b € {0,1}, wherer{ begins
with 0 andr{ with 1. Since|’| = n can be arbitrarily large, and,| < |bry|, we see thaBA~'B €
B(W (X)) for somej < i, a contradiction with the minimality of 0

Definition 4.6. Let K > 0. A subshiftX c S* is linearly recurrent with constanis, if for all w €
B(X),r € X andi € X, there existd < K |w| With o, 1 it |w)—1) = W-

Linearly recurrent subshifts were introduced in [2], and they hawemgtconnections to the theory of
substitutions. In particulatX; is known to be linearly recurrent for every primitive substitutianWe
now show that the winning shift of a two-directional linearly recurretisift is also very small.

Proposition 4.7. Let K > 0, and let the subshif c SZ be linearly recurrent with constaif. Then
for everya € B(W (X)) we havela| s < logg (K (K +1)).

Proof:

We assume without loss of generality thétis aperiodic, since otherwid® (X ) = {*°A>°} by Propo-
sition 4.1. From [2, Theorem 24] we know th&tis K + 1-power free, that isw®*! ¢ B(X) for all

w € S*. Fixz € X. Suppose thau|p > logq (K (K + 1)(1 + n~1)) for somea € B(W (X)) and
n € N, and consider the game defined 4¥/%a. The possible outcomes of the game are of the form
whereu € B, ,/(X), and there are at lea&t(K + 1)(1+n~') 4 1 choices fow. For each such, there
existsk € [0, K(n + 1)[a| — 1] such thatep, 4 (n41)jq)—1) = wv, and in particulat, o pjqj—1] = -

Thesek are also pairwise distinct, and by the pigeonhole principle, some:p&inf them satisfy

K(n+1)|al _ nla
KK+1)(1+n1) K+1

d=k—K|<

But thenu; = u; 4 for all i, and thus, = w14’ for somew € B4(X) andv’ € B(X), a contradiction.
0

We show by example that Proposition 4.7 is optimal in the sense that a globad Banthe number
of B’s cannot be found.

Example 4.8. For allk, N € N there exists a linearly recurrent subshiftc {0, ..., %k — 1}Z such that
la|p > N for somea € B(W(X)).

Proof:

DefineR = {0,..., k" — 1}, and letw = 000102---0(k" — 1) € R*. Define the primitive uniform
substitutionr on R by (i) = w0 for all i € R. Then7"(0)i € B(X,) foralln € Nandi € R. Apply
to X, the morphisny that replaces each lettere R by its basek representation, padded to length
Now, in the game defined g™ (DI BN ' A wins by playing the worgh(7"(0)) during her turns, since
this word can be followed by(i) for anyi € R. This shows that® ABY A>* ¢ W (p(X,)), andp(X,)
is linearly recurrent, sinc&(; is. O

Finally, we show that Proposition 4.7 cannot be generalized to all minimalsgste

Example 4.9. For any nontrivial alphabe$, there exists a minimal two-directional subshift ¢ 5%
such that/’ (X)) is uncountable.
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Proof:
We inductively define finite sets of word&® c S* as follows: W' = S, and if W = {w@, . ,w,(ji)}
in increasing lexicographical order, then

Wt = ofd ol 1.4 € LK)

Define the subshiffl c SZ as the set of points whose every factor occurs in some oiuéﬁe This

subshift is minimal: The WOI‘d)J(-i) occurs in the Wordu§f+1) for anyj/, and every point inX is clearly
some concatenation of such words by the inductive definition of thdgéts

It now suffices to produce an elementidf(.X) with infinitely many B’s. For this, consider the
points

(4) 4, 3 .

(i) (w (2) 2)¢,,1) (1), (1) (1)) (2)) (3)) (4))___

(3)
s (wy” e w (W wy Twy wy D wy) ) wy ) wy,
These points are ik since the words in parentheses are elements of thelgét®r all choices of

b; € [1, k;]. On the other hand, these points show tBatan play infinitely many times after the left tail

(5) (5),,(4) (4), (3) 3),,(2) 2),,(1) (1)

..wl ...wkswl ...wk4w1 ...wk3w1 ...wk2w1 ...wkl,

since there is a choice of an elementBf = S in everywl()f). a

5. Entropy

In this section, we study how the entropies of a subskift S* and its winning shift relate to each
other. These results hold for both one- and two-directional subshitdirg¢ observe that i (X') has
high entropy, then in a typical point & (X), B is able to play quite often, but still wins. SinceB can
play arbitrarily, theB-coordinates can thus be chosen arbitrarily, with the resulting confignrstiibin
X. This gives a lower bound for the entropy.&f, which we approximate in the following.

Lemma5.1. Let X C S* be a subshift. Denoting

d = lim sup <max {’a‘B

n—00 n

o BV} ).

we haveh(X) > dlog, |5].

Proof:
Lete > 0 andn € N be arbitrary, and let € B(W (X)) be such thata| > n and% > d—e. Let
s be a winning strategy foA in the gameGG = (S, |al, Bjq|(X),a). By enumerating all the possible
strategies; p for B and the prefixes of the resulting play&~, s, s ), we find that| B, (X)| > |S|lels,
This implies that
1
|al

a
logs B ()] = 112 10g, 18] > (d - ¢)log, |5,

lal

Since|a| can be chosen arbitrarily large aadrbitrarily small, the claim follows. 0
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In what follows, we will several times need the well-known approximatiomida

n ney\m
< -
(m) - (m) (1)
for the binomial coefficient, which holds for alt, n € N.

Lemma5.2. Letl < k < 2, and letl > ¢ > 0 be such tha{§) < k. Then( ;) < k" for all n large
enough.

Proof:
We first use (1) to show that

()= ()™ = ()™= ()" )"

Then, we know tha(Li—J)x < (ﬁ)z = (1 — %)*z — e asx — oo, from which the claim follows

for large enough. O

Proposition 5.3. Let X C S be a subshift witth(W (X)) > log, k, and letl > ¢ > 0 be such that
(26)° < k. Thenh(X) > elog, |S|. In particular, if,(W (X)) > 0, thenk(X) > 0.

Proof:

First, note thatV (X) is binary, sal < k < 2. If we havek = 2, thenW (X) = {A, B}* andX = S,
and the claim holds. Suppose then that 2, and letn € N be so large tha(Lg;J) < k™ (given by
Lemma 5.2). Letals§2)" < ¢ < k. If we denoted,, = max{|a|p | a € B,(W (X))} and suppose
d, < en, we getan upper bound fa,, (W (X))| as follows. We choosé, coordinates from the interval
[0,n — 1], and then choose a subset of these to contain the syBbsrtting every other coordinate to
A. Using (1), we obtain the bound

Bu(W (X)) < (szdn < (2) <

since the function(2¢)* is increasing on the open intervéll, 1) (its derivative, (2¢)° (log 2 — 1), is
positive). Sinceh(IWW (X)) > log, k, we must thus haveé,, > en for infinitely manyn, so that

lim sup <max { @
n

n—oo

a€ Bn(W(X))}> > €.

Then, Lemma 5.1 gives the claim. O

In Figure 4 we have plotted the bound given by the above proposition.

In the binary case, the entropy of a subshift and its winning shift aredineiqual. This actually
follows from the stronger result that in binary games of finite length, thetae&t and winning set are of
equal size. We have already seen this phenomenon in Example 2.2 andi&8a@np

Proposition 5.4. For alln € NandL C {0,1}", we haveL| = |W(L)].
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Proof:
We prove this by induction, starting with the case= 1, which is easily seen true. Suppose then that
n>1,andletl. = {w € {0,1}" 1 | cw € L} for ¢ € {0,1}. We clearly have., = 0Ly U 1L1, and by
the induction hypothesis, al$t/(L.)| = |L.| holds forc € {0, 1}.

Leta € W(L), and suppose thaty = A. If A has a winning strategy in which she starts with
c € {0,1}, thenay ,,_y; € W(L.). Conversely, ifaj; ,,_1) € W(L.), thenA has a winning strategy that
starts withe, and then follows the strategy fay; ,,_;;. Thus

{a e W(L) [ a0 = A} = [W(Lo)| + [W(L1)| = [W(Lo) 0 W(L1)|.
On the other hand, ify = B, thena; ,,_;) must be inW (Ly) N W (L;) and the converse also holds, so
{a € W(L) | ap = B}| = [W(Lo) N W(L1)|.
Allin all, we have thatW (L)| = |W (Lo)| +|W (L1)| = |Lo| + |L1| = |L|, and the claim is proved.O

Corollary 5.5. If X C S* is a binary subshift, theh(X) = h(W (X)).

In a sense, the winning operatldr ‘rearranges’ a binary language or subshift, so that it becomes
downward closed. However, no natural bijection between even a finitstaat-length language and
its winning set seems to exist. Note that Proposition 4.2 follows as a corolBryf A*) is the only
downward closed unary subshift, aid ' (A* BA*) is the only downward closed subshift with exactly
n + 1 words of lengthm for all n € N. This shows that there certainly is no natural bijection between a
binary subshift and its winning shift, as Sturmian subshifts are uncourttabkbeir winning shifts are
not. Using Proposition 5.4, we also obtain a slight simplification of the classioaf for the fact that if
a subshiftX c {0, 1} satisfie§B,,(X)| < n for somen € N, thenX is eventually periodic: If this is
the case, then for all € W (X) andi > n we haves; = A. This implies that every € X is determined
by x[9,—1), SOX is finite, hence eventually periodic.

Recall once again the even shift of Example 3.11, with winning shift” = B~1(A*BB(A* B)*).

We noted earlier that this winning shift is almost equal to the golden meanzshif3—!((A* B)*), and
it is easy to see that all three shifts have the same entr@)g;y,lJrQ\/g.

With a more general type of game, we show that every subghift S* can be rearranged into a
downward closed subshift with the same entropy. We will then use this cotistn to obtain deeper
results about the connection of the entrogieX ) andh(W (X)).

Definition 5.6. Letn € NU{N}, and letX c S™ (a subshiftifn = N), and leta € [1, |S|]". We define
another game in whickl and B build a wordw € S™. At each coordinate, A chooses a seff; C S
with |.S;| = a;, and B chooses the symbal; € S;. We sayA wins the game ifv € X. We then denote
W(X) = {a € [1,|S]]* | Ahas awinning strategy ar}, and call it thecounting winning sebf X.
As before, we definéV (L) = |,y W(S™ N L) for a languagd. C S*, and prove that ifX ¢ SV

is a subshift, then so i/ (X), andB(W (X)) = W(B(X)). We then define counting winning sets for

two-directional subshifts analogously to the winning sets.

If |S] = 2, thenW (X) = W(X) up to renaming the symbols. The following proposition is a
generalization of Corollary 5.5.
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Proposition 5.7. If n € NandL c S, then|W (L)| = |L| andW (W (L)) = W(L).

Proof:
Forn < 1 this is trivial, so suppose > 1. Let L, = {w € 5"~ ! | cw € L}. ThenL = {J g L., and
|L| = [W (L) by the induction hypothesis.

Leta € W(L), and denotek = ap. Then there exists a sét C S with [R| = k such that
ap -1 € W(Lc) forall c € R, so thatA can win on the suffixes. The converse also holds, and thus

HaeW(L) ‘ aozk}):\{aes’ﬂ ] ]{ceS\aeW(Lc)szH.

This implies

B
W)=Y ]{ a5l ‘ Hee S ae WL} >k })
k=1

=3 [W(L)| =) |L| = |L|

ceS ceS

by the induction hypothesis and some basic combinatorial identities.

Leta € {A, B}™ be arbitrary. NowlV (L) is downward closed, so in the gartie, |S|],n, W (L), a),
A should always play the lettérand B should always playS|. Thusa € W (W (L)) if and only if
7(a) € W(L), wherer is the letter-to-letter morphis — 1 andB — |S|. But7(a) € W(L) is

clearly equivalent ta € W (L) by the definition of the counting winning set. O
Again, we have the following corollary for subshifts.

Corollary 5.8. If X ¢ SX is a subshift, the (W (X)) = h(X) andW (W (X)) = W (X).

We can now show that even in the general case S™ we always havdW (L)| < |L|. This
is becauséV (L) = W (W (L)) by Proposition 5.7, and clearlyv (W (L))| < [W(L)| = |L|. As a
corollary,h(X) > h(W (X)) holds for all subshiftsY c S*.

Proposition 5.3 gave a lower bound for the entropyXofc S*, whenh(W (X)) is known. We
will next study the converse problem of boundiagV (X)), whenh(X) andS are fixed. The above
corollary lets us assume that is downward closed.

Suppose tha\ c S* is a subshift withh(X) close tolog, |S|. Intuitively, we should then find
configurations of/ (X ) in which the letterB appears often, givingl’ (X) positive entropy too. Using
Proposition 5.7, we show that this is indeed the case.

Proposition 5.9. Let X C S* be a subshift withh(X) > log,(|S| — 1), and lete > 0 be such that

(2)° < &2 Thenh(W(X)) > e.

Proof:
By Proposition 5.7, we can again assume that {0, ..., k} andX is downward closed. TheW (X)
is the image ofX under the letter-to-letter map defined by B andc — A for all ¢ # k.

Let nown € N, and consider the size @, (X). Suppose that the maximal value (af|; for
w € B, (X)isdn. Then, we can give an upper bound f8,(X)| as follows. In a wordv € S™, we first



18 V. Salo, I. Brmé/ Playing with Subshifts

choosedin coordinates arbitrarily, then choose some subset of these to contain thé: |etted finally
choose the remaining (possibly all coordinates to have any value frof, ...,k — 1}. This way, we
obtain at least all the words &,(X), so we have

o (e (+(5))

using (1), and if this holds for the sanigfor infinitely manyn, theni(X) < log, k& (%)5 Thus for
infinitely many n, the above doesot hold for anyé < e. But then the maximal value div|; for
w € By (X) is at leastn, soB, (W (X)) > 2, which implies that(W (X)) > e. O

We remark here that the conditidi{ X') > log,(|S| — 1) is necessary, since the SFT defined by
the forbidden patternss for all s € S has entropyog,(|.S| — 1), but its winning shift is the singleton
{A>}.

The bounds given by this proposition for some different valuek afe drawn in Figure 4, in the
upper left corner. Note that the bound fer= 1, or |S| = 2, is redundant, as we already know by
Corollary 5.5 that the binary case is restricted to the diagonal. It is nelesthshown in the figure to
remind the reader that our bounds are probably far from optimal. Ththtvea also conjecture that when
the entropy ofX is very close to its theoretical maximulwg, |.S|, the same should hold fé# (X).

Conjecture 1. Fix the alphabes. For alle > 0 there existsy > 0 such that ifX c S* is a subshift
with 2 (X)) > log, |S] — d, thenh(W (X)) > 1 —e.

6. Numerical Results

In this section, we try to reach the lower bound given by Proposition 5.8(a0) / log, |.S|, when the
entropy of W (X) is known. This involves approximating and explicitly computing the entropies of
certain SFTs, and the methods we use are related to those of [10].

Definition 6.1. Let X C {0, 1}* be a downward closed subshift, and$dte a finite alphabet containing
the letter0. Then we call the subshift

{yeS®|JreX:VieX:z;=0 = y; =0}
the S-extension ofX, denoted by’s(.X'). We also denoté’, (X) = Eyg, . 1) (X).
It is easy to see thal/ (X)) = W (Eg(X)) for all binary subshiftsX and alphabets.

Proposition 6.2. Let X ¢ S* be a subshift, wheré € S. Then there exists a binary subshiftsuch
thath(Es(Y)) < h(X) andW (Eg(Y)) = W(X).

Proof:
Applying Proposition 5.7, we can assume that {0, ..., .k} andX is downward closed. Consider the
imageY C {0,1}* of X under the symbol map defined ky— 1 andc — 0 for all ¢ # k. Now, all
of X,Y andEs(Y') are downward closed, sé should always play and B should playk (or 1) in any
game onX or Eg(Y) (orY, respectively). It is then easy to see tha{.X) = W(Y) = W(Eg(Y)).

As for the entropy, simply note thdis(Y) C X, soh(Es(Y)) < h(X). 0
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h(X)/log|S|

)

0.8

h(Xy)/1og(2)

* h(Xy)/log(3)
0.6 o h(X3)/log(4)

!

0.4+

0.2
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Figure 4. Our results in a graphical form. The shaded arehéseh(X)/ log, |S| cannot lie by Proposition 5.3,
the diagonal line is given by Corollary 5.5 in the binary gdke lines in the upper left corner are the bounds given
by Proposition 5.9 and the points correspond to the nuniegsalts of Section 6.

This shows that it is enough to consider subshifts of the fafgY") when trying to reach a lower
bound for the possible relative entropiesXf when the winning shiftV’ (X) (or its entropy) is fixed.
We continue by computing the values of the entropieX pf= Ej(X) relative tolog,(k + 1) for all &,
when X is once again the golden mean shift. The languag¥;ois recognized by the DFA

0

It is known from from classical symbolic dynamics [4] that the entropyXgfis exactly the logarithm of
the Perron-Frobenius eigenvalbél + /1 + 4k) of the adjacency matrik 1 ) of this automaton. Thus

the relative entropy ok, is
1 1
h(Xk) _ 10g2 <§ + \V 4 + k) k—o0 1

logy(k +1) logy(k + 1) R @)

We have computed some of the value® 0K}, )/ log,(k+ 1) in Figure 4. As we havél’ (Xj) = W(X)
for all & € N, the pairg h(W (X)), h(Xy)) lie on the same vertical line in the figure.
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We then generalize this result to the binary subskift,) with forbidden wordsl0’1 for all i < m,

and show that the relative entropié ;Egk;();:ﬁ)))) approach the valugl ask increases. TheX(,,
are examples ofap shifts a well-known class of binary subshifts (see [4] for more informatiorf)e T
language of;. (X ,,,)) is recognized by the DFA

As above, we wish to compute the Perron-Frobenius of the adjacency wiaitnis DFA, which is

010 0 0
0 01
0 00
0 0 1
k00 0 1

The eigenvalues of this matrix are exactly the roots of the polyngppial) = 2™+ — 2™ — k, which
we now analyze.

Let &, > 0 be the largest positive root of,(z) for a givenk € N, whenm is fixed. By the classical
Puiseux’s Theorem, for large enouglthe root can be represented as a Puiseux series

o

&= ek

=4

for someq € N, ¢ € Z and coefficientg; € R that are independent & Now, sinceé; is a root of
pr(z), the series satisfies the equation

00 ) m+1 0o \m
(Z cz-k_;> - (Z c,»k‘fz> = k. 3)
i=0 i={

Itis easy to see thdt< 0, and then expanding the products givef?“ = m%rl andc, = 1 for the leading
term. By a straightforward calculation, the second highest term of thedaft kide of (3) then equals

(m+ D)epyrk's — ke,

and since this term must vanish, we hgve- m + 1 andcyy1 = 1/(m + 1). By the above, this also
implies that! = —1. Thus we have obtained the asymptotic formula

m+1 1
= k4+ —— 1
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where the exact value of the€1)-term is expressible as a power series in the variable with no
constant term. Since(Ey (X)) = logy &, this in particular implies

m—+1
MEx(X(m)) _ 1082 ( vk + 0(1)) koo 1
logy(k + 1) logy(k + 1) m+1’

which is exactly what we wanted.
We then estimate the entropy of the subsHift X ,,,)). This is equal to the entropy( X, ), which
is given by the logarithm of the largest raoof p; (z) = x™+! — 2™ — 1. Itis easy to see thdt< ¢ < 2
whenm > 2, so we denoté = 1 + ¢, where0 < ¢ < 1. We obtain the equatioe(1 + €)™ = 1, and
taking logarithms, this becomész € + m log(1 + ¢) = 0. Using the Taylor series fdog(1 + ¢), the left
hand side is equal to
log € + me + mte>,

where—3 < ¢ < 1. Itis easy to see that for large enough log = + mz + mta? is positive when
r = m~!(logm + 2loglog m), and negative whem = m~!(log'm — 2loglogm), and thus the roat
lies somewhere in between. Ther 2™ 1 O (b@%» implying that

logm log logm
AW (X (1)) = (X (1)) = log, <1 + 51 +0 <gg>> '

m

We have approximated the values iofiV (X(,,y)) = h(X(,) for m up to 16 in Figure 4 (the

gray dots correspond to the limit points(W (X,,))), m%rl), the rightmost gray point corresponding to
m = 1).
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